In this paper, we consider a model of plant virus propagation with two delays and Holling type II functional response. The stability of the positive equilibrium and the existence of Hopf bifurcation are analyzed by choosing τ 1 and τ 2 as bifurcation parameters, respectively. Using the center manifold theory and normal form method, we discuss conditions for determining the stability and the bifurcation direction of the bifurcating periodic solution. Finally, we carry out numerical simulations to illustrate the theoretical analysis.
Introduction
As we know, plants play a vital role in the everyday life of all organisms on earth. Sometimes, however, plants become infected with a virus, which can have a devastating effect on the ecosystem that depends on it. An insect-vector can cause the transmission of the virus from plant to plant. The propagation characteristics and epidemiology of plant viruses were studied in [1, 2] . In [3] , the transmission pathways of plant viruses were analyzed in detail from the perspective of plants and media; the authors established a model of plant infections disease and analyzed the dynamics of the model.
Although there are many models that describe the interaction between vectors and humans, there are not as many that describe the relationship between plants and vectors. Recently, Jackson and Chen-Charpentier [4] 
where S(t), I(t), R(t), X(t)
, and Y (t) denote the susceptible plants, infected plants, recovered plants, susceptible insect vectors, and infected insect vectors, respectively. The total number of plants will be denoted by the fixed positive constant K, K = S + I + R, and the total number of insects will be denoted by N = X + Y . The parameters β, β 1 , α, α 1 , μ, m, γ , , and d are positive real numbers; β is the infection rate of plants due to vectors, β 1 is the infection rate of vectors due to plants, α is the saturation constant of plants due to vectors, α 1 is the saturation constant of vectors due to plants, μ is the natural death rate of plants, m is the natural death rate of vectors, γ is the recovery rate of plants, is the replenishing rate of vectors (birth and/or immigration), and d is the death rate of infected plants due to the disease.
In the model (1.1) the authors make the following assumptions [4] :
(1) The susceptible plants can be infected only by the infected insect vectors. This model does not consider that infection can be transmitted from plant to plant. The interaction between the insects and the plants is modeled using Holing type II since insects can only bite a limited number of plants.
(2) The total number of plants is denoted by the fixed positive constant K , because in one area, one can always keep the total number fixed by adding a new plant when a plant has died. The new plant shares the same characteristics of the plant it replaced before it was infected.
(3) The replenishment rate of insect vectors is a positive constant , and all of the new born vectors are susceptible.
(4) A susceptible vector can be infected only by an infected plant host, and after it is infected, it will hold the virus for the rest of its life. Further, there is no vertical transmission of the virus, and vectors cannot transmit the virus to another vector.
Notice that adding where ω = d + μ + γ . In [4] , the authors analyzed the stability of equilibria with the basic reproduction number using the generation matrix approach. Considering time for the virus to enter the plant cells and to spread in the plant and time for the virus to infect the insect, the authors proposed the model with two discrete delays:
where τ 1 is the time it takes a plant to become infected after contagion, and τ 2 is the time it takes a vector to become infected after contagion.
Since the delay differential equations are extensively used in the practical life, it is very important to study the stability of differential equations with delays. Recently, a great deal of scholars have achieved very good research results in terms of multidelay differential equations [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] .
In our paper, we continue the work of Jackson and Chen-Charpentier [4] . Viewing delays as bifurcation parameters, we discuss the stability of equilibrium and the existence of Hopf bifurcation of system (1.3) in four cases: (1) τ 1 = 0, τ 2 = 0; (2) τ 1 > 0, τ 2 = 0; (3) τ 1 = τ 2 = τ > 0; (4) τ 1 ∈ (0, τ 10 ), τ 2 > 0, τ 1 = τ 2 . When τ 1 = τ 2 , we study the properties of Hopf bifurcation by using the normal form theory and center manifold theorem. This paper is organized as follows. In Sect. 2, we study the stability of positive equilibrium and the existence of local Hopf bifurcation of system (1.3). In Sect. 3, the direction and stability of Hopf bifurcation are determined by using normal form theory and central manifold theorem. Some numerical simulations are carried out to support our results in Sect. 4. Finally, a conclusion is given in Sect. 5.
Stability and existence of Hopf bifurcation
System (1.3) has a unique positive equilibrium E(S * , I * , Y * ), provided that the following conditions are satisfied:
where
The linearized system of system (1.
Next, we consider the following four cases. 
Let λ = iω 1 (ω 1 > 0) be the root of equation (2.4). Then we have:
It follows that
Let r 1 = ω 
and
+ 2jπ , where k = 1, 2, 3, j = 0, 1, 2, . . . . Denote
1k , ω 10 = ω 1k 0 .
Next, we verify the transversality condition. Let λ(τ 1 ) = α 1 (τ 1 )+iω 1 (τ 1 ) be the root of equation (2.4) near τ 1 = τ
1k satisfying
Substituting λ(τ 1 ) into (2.4) and taking the derivative with respect to τ 1 , we have
By (2.9) we have
,
, and thus
has the same sign as h 1 (r 1k ). To investigate the root distribution of the transcendental equation (2.4), we introduce the result of Ruan and Wei [16] .
Lemma 2.1 Consider the exponential polynomial
where τ i ≥ 0 (i = 1, 2, . . . , m) and p According to this analysis, we have the following results. 
When τ 1 = 0 and τ 2 > 0, the stability of the equilibrium E(S * , I * , Y * ) and the existence of Hopf bifurcation can be obtained based on a similar discussion, which we omit in this paper.
Case (3):
Both sides of equation (2.10) are multiple e λτ , and we obviously get
Let λ = iω 3 (ω 3 > 0) be the root of equation (2.11). Separating the real and imaginary parts, we obtain: for k = 1, 2, . . . , 6, j = 0, 1, 2, . . . , then ±iω 3k is a pair of purely imaginary roots of (2.11) corresponding to τ
3k . Define
Substituting λ(τ ) into (2.11) and taking the derivative with respect to τ , we have Case (4): τ 1 ∈ (0, τ 10 ), τ 2 > 0, τ 1 = τ 2 . We consider (2.2) with τ 1 in its stable interval [0, τ 10 ) and τ 2 considered as a parameter. Let λ = iω * 2 (ω * 2 > 0) be a root of equation (2.2). Separating real and imaginary parts leads to 
From equation (2.18) we obtain:
Denote
We can see that (2.20 where
By (2.23) we have
Re dλ(τ * 2k
, where
We 
Direction and stability of the Hopf bifurcation
In this section, we employ the normal form method and center manifold theorem [17] [18] [19] to determine the direction of Hopf bifurcation and stability of the bifurcated periodic solutions of system (1.3) with respect to τ 2 for τ 1 ∈ (0, τ 10 ). Without loss of generality, we denote any of the critical values τ 2 = τ * 2k (j) (k = 1, 2, . . . , 6; j = 0, 1, 2, . . .) by τ * 
. Let u
, and
(1 + αY * ) 4 ,
By the Riesz representation theorem there exists a 3 × 3 matrix function η(θ , μ) (-1 ≤ θ ≤ 0), whose elements are of bounded variation such that
In fact, we can choose
Then, for θ = 0, system (3.1) is equivalent tȯ
associated with the bilinear form .
From (3.6) we have
Thus we can choosē
such that q * (s), q(θ ) = 1 and q * (s),q(θ ) = 0.
Next, we use the same notations as those in Hassard [19] and firstly compute the coordinates to describe the center manifold C 0 at μ = 0. Let u t be the solution of equation (3.1) with μ = 0. Define
On the center manifold C 0 , we have
where z andz are the local coordinates for center manifold C 0 in the directions of q and q. Note that W is real if u t is real. For the solution u t ∈ C 0 of (3.1), since μ = 0, we havė
where 
where Thus we can calculate the following values:
Based on this discussion, we obtain the following results. 
Numerical simulation
In this section, we give some numerical simulations supporting our theoretical predictions. The selection of parameter values refers to [4] and references therein. The same parameters as in [4] are adopted: μ = 0.1, k = 63, β = 0.01, β 1 = 0.01, γ = 0.01. According to [4] and references therein, the other parameters α, α 1 , , d, m are appropriately chosen to system (1.3). As an example, we consider the following system: Further, we get c 1 (0) = -0.0055 -0.005i, μ 2 = 0.2471, T 2 = 0.0044, β 2 = -0.0111. Therefore, from Theorem 3.1, we know that the Hopf bifurcation is supercritical and the bifurcating periodic solutions are stable.
Conclusion
In this paper, we study the dynamics of plant virus propagation model with two delays. First, we obtain sufficient conditions for the stability of positive equilibrium E and the ex- istence of Hopf bifurcation when τ 1 > 0, τ 2 = 0 and τ 1 ∈ (0, τ 10 ), τ 2 > 0, τ 1 = τ 2 , respectively. Next, when τ 1 = τ 2 , by using the center manifold and normal form theory, regarding τ 2 as a parameter, we investigate the direction and stability of the Hopf bifurcation. We derive an explicit algorithm for determining the direction of the Hopf bifurcation and the stability of the bifurcating periodic solutions. Finally, a numerical example supporting our theoretical predictions is given. 
